Abstract. We construct an invariant of open four-manifolds using the Heegaard Floer theory of Ozsvath and Szabo. We show that there is a manifold X homeomorphic to R 4 for which the invariant is non-trivial, showing that X is an exotic R 4 . This is the first invariant that detects exotic R 4 's.
Introduction
The Heegaard Floer theory of Ozsvath and Szabo [7] [8] is a (3 + 1)-dimensional TQFT. This gives topological invariants of 3-manifolds and invariants of smooth closed 4-manifolds. Using this, we construct invariants of open four-manifolds (more precisely ends of open four-manifolds). These invariants can detect exotic R 4 's We begin with the construction of the invariant. Assume for simplicity that W is a one-ended smooth open 4-manifold and let s be a spin C -structure on W . We also denote the restriction of s to various submanifolds by s. Let K i be an exhaustion of W by compact 4-manifolds with connected boundaries M i = ∂K i . To each M i we have associated reduced Heegaard Floer homology groups HF red (M i ; s). Further for i < j, we have a cobordism K j − int(K i ) and hence an induced map HF red (M i ; s) → HF red (M j ; s). As Ozsvath-Szabo theory is a TQFT, we get a directed system. Definition 1.1. The end Floer homology HE(W ; s) of W is the direct limit of the directed system of abelian groups HF * (M i ; s) with homomorphisms
It is easy to see that this is independent of the exhaustion. Further this depends only on the end of W . More precisely, if W ′ is another smooth one-ended manifold and there are compact sets K ⊂ W and
In this situation, we say that the ends of W and W ′ are diffeomorphic. We define homeomorphisms of ends in a similar way.
As HF red (S 3 ; t) = 0 for the unique spin C structure t on S 3 , we have the following proposition.
Proposition 1.2. HE(R
4 ; s) = 0 for the unique spin C structure on R
4
Our main result is that there are manifolds homeomorphic to R 4 but with nonvanishing end Floer homology. Theorem 1.3. There is a 4-manifold X homeomorphic to R 4 with HE(X; s) = 0 for the unique spin C structure s on X. Thus, X is an exotic R 4 . Previous constructions of exotic R 4 's used indirect arguments to show that they are exotic. The end Floer homology is the first invariant that detects exotic R 4 's.
A non-vanishing theorem
We next prove a non-vanishing result for certain convex symplectic manifolds.
Lemma 2.1. Let W be a convex symplectic manifold with one compact (convex) boundary component N 0 and one end. The HE(W ; s) = 0 for the spin C structure s associated to the symplectic structure.
Proof. As W is convex, there is an exhaustion of W by compact set K j such that ∂K j = N 0 ∪ N j with N j convex. As K j is a symplectic manifold with two convex boundary components, K j embeds in a symplectic 4-manifold M with both components of M − K j having b + 1 > 0 by results of Eliashberg [1] and KronheimerMrowka [6] .
It follows from the non-vanishing theorem for symplectic manifolds [9] that the map corresponding to K j mapping HF red (N 0 ; s) to HF red (N i ; s) is non-zero. For i < j, this map factors through the map HF red (M i ; s) → HF red (M j ; s) induced by the cobordism K j − int(K i ). Hence the map HF red (M i ; s) → HF red (M j ; s) is non-vanishing for all i, j ∈ N, i < j. It follows that the direct limit HE(W ; s) is non-zero.
We shall construct manifolds W of the above form as follows. Let N be a 3-manifold with a taut foliation. Then N × [0, 1] admits a symplectic structure with both ends convex. We add infinitely many 1-handles and 2-handles to N × {1} with framing corresponding to Legendrian surgery. Then the resulting manifold W is of the above form with N 0 = N × {0}.
We now construct a manifold X homeomorphic to R 4 with HE(X) = 0. This is done by first constructing W as in Lemma 2.1 and then gluing a compact manifold Y to W along N 0 .
Let K be a non-trivial slice knot in S 3 and let N be obtained by 0-frame surgery about K. Then N × [0, 1] admits a taut foliation by [4] , and hence a symplectic structure with both ends convex by [2] . On attaching a 2-handle H to N × {1} corresponding to the surgery canceling the 0-frame surgery about K, we get a manifold P with boundary S ∪ N 0 with N 0 = N × {0} and S a 3-sphere. In particular the end of P − S is homeomorphic to the end of R 4 . As in Theorem 3.1 of [5] , we can attach a Casson handle in place of the 2-handle H to get a manifold W which is a convex symplectic manifold and with end homeomorphic to R 4 . Observe that W is simply-connected as the 2-handle is attached along the meridian of K, which normally generates π 1 (N ).
Let Y ′ be obtained from B 4 by attaching a 2-handle along K with framing 0. Then ∂Y ′ = N . As K is slice, the generator of H 2 (Y ) = Z can be represented by an embedded sphere Σ. Let Y be obtained by performing surgery along Σ. Glue W to Y along ∂Y = N = N 0 to obtain X.
By a Mayer-Vietoris argument, X has the homology of R 4 . Further, as π 1 (Y ) is normally generated by a meridian of K, to which a Casson handle is attached, π 1 (X) = 1. Finally, as the end of X is homeomorphic to the end of R 4 , Y is simplyconnected at infinity. By Freedman's theorem [3] , X is homeomorphic to R 4 . By Lemma 2.1, HE(X) = HE(Y ) = 0. This completes the proof of Theorem 1.3.
